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1. Some Background 

This paper is a sequel to [12] [13] [14]. In this series of papers we develop mirror prin- 
ciple in increasing generality and breadth. Given a projective manifold X, mirror principle 
is a theory that yields relationships for and often computes the intersection numbers of 
cohomology classes of the form 6(Vb) on stable moduli spaces M g ^{d, X). Here Vd is a 
certain induced vector bundles on M g ^(d, X) and b is any given multiplicative cohomology 
class. In the first paper [12], we consider this problem in the genus zero g = case when 
X = P n and Vd is a bundle induced by any convex and/or concave bundle V on P n . As 
a consequence, we have proved a mirror formula which computes the intersection numbers 
via a generating function. When X = P n , V is a direct sum of positive line bundles on P n , 
and b is the Euler class, a second proof of this special case has been given in [15] [2] follow- 
ing an approach proposed in [6]. Other proofs in this case has also been given in [1], and 
when V includes negative line bundles, in [3]. In [13], we develop mirror principle when 
X is a projective manifold with TX convex. In [14] , we consider the g = case when X 
is an arbitrary projective manifold. Here emphasis has been put on a class of T-manifolds 
(which we call balloon manifolds) because in this case mirror principle yields a (linear!) 
reconstruction algorithm which computes in principle all the intersection numbers above 
for any convex/concave equivariant bundle V on X and any equivariant multiplicative 
class b. Moreover, specializing this theory to the case of line bundles on toric manifolds 
and b to Euler class, we give a proof of the mirror formula for toric manifolds. In [14], we 
have also begun to develop mirror principle for higher genus. In this paper, we complete 
the theory for hight genus. We also extend the theory to include the intersection numbers 
for cohomology classes of the form ev* (0)6(Vd) . Here ev : Mg^d, X) — > X k is the usual 
evaluation map into the product X h of k copies of X, and <fi is any cohomology class on 
X k . 

For motivations and the main ideas of mirror principle, we refer the reader to the 
introduction of [12] [13]. 
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grant DMS-0072158. K.L.'s research is supported by NSF grant DMS-9803234 and the 
Terman fellowship and the Sloane fellowship. S.T.Y.'s research is supported by DOE 
grant DE-FG02-88ER25065 and NSF grant DMS-9803347. 
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2. Higher Genus 

We assume that the reader is familiar with [14]. We follow the notations introduced 
there. Most results proved here have been summarized in section 5.5 there. 

In the first subsection, we give some examples of gluing sequences, a notion introduced 
in [14]. We also prove a quadratic identity, which is a generalization of Theorem 3.6 in 
[14] to higher genus plus multiple marked points. In the second subsection, we give a 
reconstruction algorithm which allows us to reconstruct the Euler series A(t) associated to 
a gluing sequence in terms of Hodge integrals and some leading terms of A(t). 

1. Throughout this note, we abbreviate the data (g, k; d) as D and write 

M D = M gjk ((d,l),XxP 1 ). 

We denote by LT D (X), LT g ^(d, X) the Li-Tian class of M D and M g ^(d,X) respec- 
tively. 

2. In the last subsection, we prove the regularity of the collapsing map 

<p : Mg^l),*" x* 1 ) ^ N d 
generalizing Lemma 2.6 in [12]. Replacing P n by the product 

Y = P ni x ••• x P n "\ 

and N d by 

W d = N dl x ••• x N dm , 

we get the map 

Given an equivariant projective embedding r : X — > Y with A 1 (X) = A X (Y) (see 
[14]), we have an induced map M D = M g>k ((d,l),X x P 1 ) -> M gfi ((d,l),Y x P 1 ). 
Composing this with M 5)0 ((<i, 1), Y x P 1 ) — > W d: we get a G-equi variant map 

M D ^W d 

which we also denoted by (p. This map will be used substantially to do functorial 
localization in the first subsection. 
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3. The standard C x action on P 1 induces an action on each M D (see section 5.5 
[14]). The fixed point components are labelled by Fd 1 ,d 2 with Di = (gi,k\;di), 
F>i = (<72 ; k 2 ; d,2), gi + <72 = g, ki + k 2 = k, d\ + d 2 = d. As in the genus zero case, 
when di, d 2 7^ 0, a stable map (C, /, y\, y k ) in this component is given by gluing two 
pointed stable maps (/i,Ci,yi, ..,y fcl ,xi) e M 5l;fcl +i(di, X), (f 2 , C 2 , y^+i, — , 2/fc, ^2) e 
M 52) jt 2 +i(^2, -X") with = 72(^2), to Co = P 1 at and cx) at the marked points (cf. 
section 3). We can therefore identify F Dl)D2 with M gijfcl+1 (<ii, X) XjM 32jfc2+1 (cl2, X). 
We also have a special component Fd,o which is obtained by gluing a k + 1 pointed 
stable map to P 1 at either 0, as described above. Likewise for Fo,d- We denote by 

i ■ F Di ,d 2 -> M B) 

the inclusions. 

4. There are two obvious projection maps 

Po ■ F DltD2 -> M Slifcl+ i(di, X), poo : F DljD2 -> M 32jfc2+ i(d 2 ,^). 

The map po strips away (with the notations above) the stable maps (f 2 , C 2 , ykt+i, yk, x 2 ) 
glued to the P 1 at 00, and forgets the P 1 ; strips away the stable map 

(/1, C±, yi, j/fei) xi) glued to the P 1 at and forgets the P 1 . 

5. We also have the following evaluation maps, and the forgetting map: 

e:F DuD2 ^X, e D :M g , k+1 (d,X)^X, p : M g , k+1 (d, X) -> M g , k {d, X). 

Here e evaluates a stable map in i 7 £> lj £> 2 at the gluing point, evaluates a fc + 1 
pointed stable map at the last marked point, and p forgets the last marked point. 
Relating and summarizing the natural maps above is the following diagram: 

X ^~ F DuD2 -U M D M 9jk (d,X) 

er>! T Po/ \Poo 

M giM+1 {d u X) M g2M+1 (d 2 ,X) 

P i ip 
M giM {d u X) M g2M (d 2 ,X) 

(2.1) 

Here n is natural morphism which maps (C, /, y±, .., y k ) £ to the stabilization of 
(C, 7Ti o /, j/i, .., j//.), where 7Ti : X x P 1 — > X is the projection. Note that we can 
identify M 5) fc+i(^, -X) with Fo,d via Poq. When D\ = O := (0, 0; 0), the right part of 
the diagram above completes to a commutative triangle, ie. n o % = p. 
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6. Let M 9jk be the Deligne-Mumford moduli space of /c-pointed, genus g stable curves. 
Recall the map 

M g>k (d,X) ^M 9}k 

which sends (C, /, yi, .., yk) to the stabilization of (C, yi, y k )- Let C and H be 
respectively the universal line bundle and the Hodge bundle on M g ^ +1 . Thus £, H 
have fibers at (C, yi, y fe , x) given by T X C and #°(C, = ^(C, O)* respectively. 
We denote 

i=0 

for any formal variable £ (cf. [4]). We denote by the same notation the pullback of 
A g (£) to M flj fc+i(d, X). We denote by Ld the universal line bundle on M 9j k+i(d,X). 
corresponding to the last marked point. 

7. Notations. In all formulas below involving d, di,d 2 , and g,gi,g2, it is always assumed 
that 

D = (g,k;d) 
Di = (</i,fci;di) 
£>2 = (92,k2;d 2 ) 

9 = 91+92 

k = k 1 + k 2 

d = di + d 2 . 

Lemma 2.1. fc/. Lemma 3.5 [14]) Let g = g\ + g 2 , k\ + k 2 = k, d = d\ + d 2 - For 
di,d 2 7^ 0, the equivariant Euler class of the virtual normal bundle N Fdi D2 /m d is 

e G (F Du D 2 /M D ) =p* Q (a(a + d(L Dl )) A gi (a)' 1 ) p*^ (a(a - a(L Da )) A g2 (-a) _1 ) . 

For d 1 = 0, gx = 0, k x = 0, 

e G (F 0iD /M D ) = -a(-a + c x (L D )) A fl (-a) _1 . 

For d 2 = 0, g 2 = 0, k 2 = 0, 

e G (F D , /M D ) =a(a + Cl (L D )) A fl (a) _1 . 
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Proof: We consider the first equality, the other two being similar. We will compute the 
virtual normal bundle Np D2 /m d of Fd 1 ,d 2 m Md following the methods in [10] [7] [12], 
using the description of Fp >1 ,D 2 given above. We must identify the terms appearing in the 
tangent obstruction sequence of Mp>. (See [7] section 4.) 

Consider the bundle V := n^TX © ^TP 1 on X x P 1 , where m and n 2 are the 
projections from X x P 1 to X and P 1 respectively. 

According to the description above, for each stable map (C, f, x±, Xk) in Fp> 1 ^E> 2 , 
we have an exact sequence over C: 

o^rv^ nv © r G v © r 2 v - v xi © v X2 - o. (2.2) 

Here fo is the restriction of / to Co, and V Xl , V X2 denote respectively the bundles 

TT^Xe^ToP 1 , 7T*T X X © TT^P 1 

where x = /o(Co) G X. From the long exact sequence associated to (2.2), we get the 
equality in the K-group: 

H°(C,f*V) -H^CfV) 

2 

= £[#°(C<-, f*V) - H\Cj, fjV)] - (V X1 +V X2 ). 

3=0 

The tangent complex of M D restricted to F Dl)D2 is 

H°(C, f*V) - H\C, f*V) + T Xl d © TqP 1 + T X2 C 2 © T^P 1 - A c 

2 

= J2i H °( C J> fj y ) - Hl ( C J> fj y )l - (Vxi + V **) (2-3) 

3=0 

+ T Xl d © TqP 1 + T X2 C 2 © T^P 1 - A c . 

where T Xl Ci © ToP 1 and T X2 C 2 © TqoP are contributions from the deformation of the 
nodes at x±, x 2 of C, and Ac is the contribution from the infinitesimal automorphisms of 
C. To get the moving parts of this, we subtract from it the fixed parts corresponding to 
F DuD2 = M giM+1 {d l ,X) x x M g2M+1 (d 2 ,X) (see description above). This is given by 

2 

J2[H°(Cj, ffrlTX) - H^CjJ^TX)} - tt{T x X - A c >, (2.4) 



where C is the curve obtained from C by contracting the component C . Note that here we 
have ignored the contributation coming from the deformation of C±, C<i in both (2.3) and 
(2.4), because the same contributation appear in both and hence this contributation cancels 
out in the difference. 

We now compute and compare the terms in both (2.3) and (2.4) above. Since f 
maps Co to a point x, we have 

if 1 (Co, fo^TX) ~ if 1 (Co, O) ® ir*TX = 
H 1 (CoJZ7r* 2 TP 1 )~H 1 (Co,TC ) = 
H°(Co,f^* 1 TX) = 7T* 1 T x X. 

Similarly for C\ and /i, we have 

H\C U f*V) = H\C U fffiTX) + H\C U /r^TP 1 ) 
H\C U /r^TP 1 ) ~ H\C U O) ® tt^ToP 1 

H°(C U flV) = i? (d, f^tTX) + H°(C U f^TP 1 ) 

Likewise, we have similar relations with Ci, /i, TqP 1 replaced by C2, /2, ^ooP 1 everywhere. 
Putting these formulas together, we get 

N F Dl , D2 /M D = H^CoJ^TP 1 ) +T X1 C 1 ^ToP 1 

+ T X2 C 2 ® T^P 1 - H^CuO) ® tt^ToP 1 - ^(Ca, O) ® tt^P 1 - A Co . 

By taking equivariant Euler classes, we get the required formula. Here the terms 
- J e" 1 (Ci,O)®7r|T P 1 and -H X {C 2 , 0)®tt|T oo P 1 contribute p* A gi (a)" 1 andpj^A^-a) -1 
respectively. The terms T Xl C\ <S> TqP 1 and T X2 C2 <8> T^P 1 contribute a +Po c i(-^Oi) an d 
— a +p^ G ci(L £ ) 2 ) respectively, and the term H°(C , f^n^TP 1 ) — Ac contributes —a 2 (see 
[12], section 2.3). 

Similarly, when d\ = 0, g\ = 0, k\ = 0, we have 

N Fo , d /m d = #°(C , /eXTP 1 ) + T X2 C 2 ® T^P 1 - tf 1 ^, O) ® tt^P 1 - A Co . 
The term — Ac contributes a factor —a. Similarly for c?2 = and gi = 0, we have 

Nf d , o/ m d = #°(C , /cTttITP 1 ) + T Xx Cx ® ^P 1 - H\C u O) ® ^TqP 1 - A Co , 
and now the term —Ac contributes a factor a. □ 
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2.1. Gluing sequences 

Fix a class O e such that O -1 is well-defined. We call the list of classes 

b D eA* T (M g , k (d,X)). 

an Q-gluing sequence if we have the (gluing) identities on the Fo 1 ,d 2 : 

e*Q-i*n*b D = p*p*b Dl ■ p* OQ p*b D2 . 

(This generalizes the definition in [14] to include the cases with multiple marked points.) 
Gluing sequences have the following obvious multiplicative property: that if bo and b' D 
form two gluing sequences with respective to, say O and O', then the product br>b' D form 
a gluing sequence with respective to fifi'. 

Let V be a T-equivariant bundle on X. Suppose that H°(C, f*V) = for every 
positive degree map / : C — > X where C a nonsingular genus g curve. Then V induces on 
each M g j-(d, X) a vector bundle Vd whose fiber at (C, /, yi, .., y^) is H X (C, f*V). We call 
such a, V a, concave bundle on X . 

Example 1. X = P n , and V = O(-k), k < 0. 

Example 2. If X is a projective manifold with V = K x < 0, then V induces the bundles 
Vd- This is the situation in local mirror symmetry [12] [8]. 

Let bx be a T-equivariant multiplicative class, such that O = 6 T (1/) _1 is well-defined. 
Consider the classes b T (V D ) G A^Mg^d, X)). 

Lemma 2.2. The cohomology classes &t(Vd) form an Vt-gluing sequence. 

Proof: The proof is essentially the same as the argument for the genus zero gluing identity 
for a concave bundle V. See the first half of the proof of Theorem 3.6 [14]. □ 

We now discuss a second example of a gluing sequence. Recall that a point (/, C) in 
Fd 1 ,d 2 comes from gluing together a pair of stable maps (fx, Ci, yi, .., ykt,xi), (/*2, C2, Z/fci+i, ••, 2/fc, £2) 
with /i(xi) = 72(^2), to Co = P 1 at and 00, so that we have a long exact sequence 

-> ^(C, C) -> ii" (Ci, C) © ^ (C 2 , 0) -> ^°(C , C) 
-> H\C, O) -> ^(Ci, O) © if^Ca, O) -> ^(Co, O) -> 0. 
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Thus we have a natural isomorphism 

H\C, O) ^(^,0)^^(02,0). 
This implies the isomorphism 

i*n*H D =p* p*H Dl (Bp^Hd, 

of bundles on Fd 1 ,d 2 - Here Hd denotes the bundle on M 9j k(d, X) with fiber H X (C, O). 
(Note that for g > 2, then 7i£> is the pullback of the dual of the Hodge bundle H via the 
natural map M g ^{d,X) — > M g ,k-) Thus if b is a multiplicative class, and bo '■= b{HD), 
then the isomorphism above yields the gluing identity 

z 7T b D = p p b Dl ■ p^p b D2 

with = 1. To summarize, we have 

Lemma 2.3. The cohomology classes be := b(H,D) above form a 1-gluing sequence. 

Note that in both examples above, each class bo is naturally the pullback, via 
the forgetful map, of a class b 9 d G A^(M gy o(d, X)). We will call a list of classes 
b 9 d G A^(M 9t o(d, X)) an Vt-gluing sequence, if their pullbacks to M g ^(d, X) form a glu- 
ing sequence in the sense introduced above. 

We now discuss a third construction. Fix a set of generators (pi of Aj,(X), as a free 
module over A^(pt). Let 

i 

where Si are formal variables. Let 

k 

Here the map evj evaluates at the jth marked point of a stable map in Mg^d, X). Then 
we have 

evj o 7T o i = evj o p o p 

for j = 1, .., hi. Here evj on the LHS are evaluations on M g ^ k {d, X), while evj on the RHS 
are evaluations on M gi ^ 1 (di, X). Likewise we have 

ev kl+j o tv o % = evj o p o Poo 
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for j = 1, .., k 2 . It follows that 



Z 7T D =P P 0Di -PooP (PD 2 - 

Thus we have 

Lemma 2.4. TTie cohomology classes 4>d above form a 1- gluing sequence. 

Combining with the multiplicative property of gluing sequences, as explained above, 
this construction allows us to consider the intersection numbers of classes of the form 
ev*(4>) &(Vd) on stable map moduli. In particular, this yields the GW-invariants twisted 
by a multiplicative class of the form 6(Vb)- Here ev is the evaluation map M 9)k (d, X) — > X k 
into the product of k copies of X. The results below are easily generalized to the cases 
involving the additional factor ev*{4>). 

For uj E Aq(Md), introduce the notation (cf. section 3.2 [14]) 

J Dl ,D 2 u := e* — — — — E A, (A)(a). 

\e G {£ DliD2 /M D ) J 

Theorem 2.5. (cf. Theorem 3.6 [14]) Given a gluing sequence bo £ A? (M 9j k(d 7 X)), we 
have the following identities in A^(X)(a): 

^ H JD 1 ,D 2 7l *bD = Jo,D 1 K*bD 1 • Jo,D 2 7t *bD 2 - 



Proof: Consider the fiber square 

F Dl ,D 2 M giM+1 (d 1 ,X)x M 92M+1 (d 2 ,X) 

e | | e Dl x e D2 (2.5) 

X -A, x x X 

where A is the diagonal inclusion. Recall also that (section 6 [11]) 

[F DuD2 r r = ti{LT giM+1 {d u X) x LT 92M+1 (d 2 ,X)). 

Put 

« = - (f hD ) M 1 X ; (F^/M ) n LT 9iM+i(di,X) x LT 92M+1 (d 2 ,X). 
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From the fiber square (2.5), we have 



e*A ! (u;) = A*(e Dl x e£> 2 )*(u;). 

On the one hand is 

a */ v ^ W/ x p p*b Dx {\LT axM + x {d x ,X) p*b Da nLT g2M+1 (d 2 ,X) 

A (e Dl x e D2 )*{uj) = e Dl ^ — — — e Ds + — — — 

eG{*'D 1 ,o/M Dl ) e G (i<o,D 2 /M D2 ) 



= Jo,D 1 K*b Dl ■ Jo,D 2 K*b D2 . 

Here we have use the fact that n o % = p. On the other hand, applying the gluing identity 
and Lemma 2.1, we have 



e G {F Dl: o/M Dl ) e G (F ,D 2 /M D2 ) 



] vir 
2} 



= e 



e*n-i*Tr*b D n[F DuD2 }™ 



e G (F Dl ,D 2 /M D ) 

= o n JD 1 ,D 2 n*b D . 

This proves our assertion. □ 

Lemma 2.6. (cf. Lemma 3.2 [14]) Given a cohomology class u> on Mo, we have the 
following identities on the C x fixed point component Yd^,d 2 — Y in Wd- 



j*<p*(wnLT D (X)) __ ^ ( i*ojn[F DuD2 



e G (Y dl , d2 /W d ) ^ \e G (F Dl , D2 /M D ) 

gi+g 2 =g,k 1 +k 2 =k 



vir 



Proof: This follows from applying functorial localization to the diagram 

{F Dl ,D 2 } M D 
roe | [if □ (2.6) 

Y dl , d2 W d . 
Now given a gluing sequence bp, we put 



A D := Jo,Div*b D , A d := ]T A D v* p\ A(t) := e' 11 ^ ^ A d e' 

g,k d 
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Here v, \i are formal variables. Consider the class (3 = Lp*(n*bD H LT D (X)). We have 



Since (3 £ Af(W d ), hence f w (3 n c E A®(pt) = C[T*,a] for all c G A£(W d ), it follows 
that both sides of the eqn. above lie in 7£ [[£]]. Thus we get 

Corollary 2.7. A(t) is an Euler series. 

We call V be a D-critical concave bundle if the homogeneous degree of the class 6(Vd) 
is the same as the expected dimension of M g ^{d,X). We denote 



Lemma 2.8. If V is a D-critical concave bundle, then in the T-nonequivariant limit we 
have the following formula 




d 1 +d 2 =d 



(Theorem 2.5). 



(Lemma 2.6) 




Jx 



f e- H - t ' a J ,D^b(V D ) = (-l) 9 a 9 - 3 (2 — 2g — k — d • t)K 



D- 



Proof: The integral above is equal to 




Here p : M g ^ +1 (d,X) — > M g ^(d,X) forgets the last marked point. 
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Since the fiber of p is of dimension 1, we take the degree 1 term in the fiber integral. 
The integration along the fiber E is done in essentially the same way as in the genus zero 
case (see Theorem 3.12(h) of [14]). It yields 



e*H = d 

E 

and 

/ c = 2-2g-k 

J E 

by Gauss-Bonnet formula. Since the degree of 6(Vd) coincides with the dimension of 
LT gjk (d : X), it follows that only the a term of A g (—a) contributes to the integral above. 
□ 

2.2. Reconstruction 

From now on, we assume that X is a balloon manifold, as in sections 4.1 and 5.3 of 
[14]. We will find further constraints on a gluing sequence by computing the linking values 
of the Euler series A(t). Recall that in genus zero, the linking values of an Euler series, say 
coming from briVd), are determined by the restrictions ipbT(p*Vd) to the isolated fixed 
point F = (P 1 ,/^) G M ,i(d,X), which is a 5- fold cover of a balloon pq in X. In higher 
genus with multiple marked points, this will be replaced by a component in M 9j k+i(d, X) 
consisting of the following stable maps (C, /, yi, .., x). Here C is a union of two curves 
Ci and C = P 1 such that yi, ..,yt- G C\ and that C ^pq is a 5-fold cover with f(x) = p, 
f(Ci) = q. Therefore this fixed point component can be identified canonically with M g ^ + i. 
For clarity, we will restrict the following discussion to the case of k = 0. We'll denote the 
component by F 9 . By convention, F° is the isolated fixed point (P 1 , /<$,()). Recall that 
(section 5.3 [14]) 

Theorem 2.9. Suppose g > 0. Let p G X T , uj G A^(M gjl (d, X))[a], and consider 

l >* { ea(fo% ( /M X n\ ) E C ( T *X«) as a function of a. Then 
(i) Every possible pole of the function is a scalar multiple of a weight on T p X . 
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(ii) Let pq be a balloon in X, and X be the weight on the tangent line T p (pq). If d = 
S\pq] >- 0, then the pole of the function at a = X/5 is of the form 



e T (p/X) 



a{a - X/5) e T (F°/Mo,i(rf, X)) J [Fg]vir (-£ + Cl (£)) 



i* F9 u A g (a) e T (H*®T q X) 



Proof: The proof here is a slight modification of the genus zero case. We repeat the details 
here for the readers' convenience. Consider the commutative diagram 

{F} ^ M gA (d,X) 
e'i el 
p -X X 

where e is the evaluation map, {F} are the fixed point components in e _1 (p), e' is the 
restriction of e to {F}, and iF,ip are the usual inclusions. By functorial localization we 
have, for any (3 G A* T (M g ^(d, X))(a), 



i;e*(PnLT g , 1 (d,X)) = e T (p/X) Ve' 



i F pn[Fy 



e T (F/M gA (d,X)) 
e T (p/X) E/ F] ^ r er{F/M g MX)) 



(2.8) 



We apply this to the class 

u) to A g (—a) 



e G (F ,D/M D ) a(a - c) 

where c = c\{L D ) (cf. Lemma 2.1). For (i), we will show that a pole of the sum (2.8) is 
at either a = or a = X'/5' for some tangent weight A' on T P X. For (ii), we will show 
that only one component F in the sum (2.8) contributes to the pole at a = X/5, that the 
contributing component is F 9 ', and that the contribution has the desired form. 

A fixed point (C, /, x) in e~ 1 (p) is such that f(x) = p, and that the image curve f(C) 
lies in the union of the T-invariant balloons in X. The restriction of the first Chern class 
c to an F must be of the form 

i* F c = c F + w F 

where cp G A 1 (F), and wf G T* is the weight of the representation on the line T X C 
induced by the linear map df x : T X C — > T P X. The image of df x is either or a tangent 
line T p (pr) of a balloon pr. Thus wf is either zero (when the branch C\ C C containing x 
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is contracted), or wp = X'/S' (when d±X maps by a <5'-fold cover of a balloon pr with 
tangent weight A'). The class eT(F/M 9j i(d, X)) is obviously independent of a. Since cf 
is nilpotent, a pole of the sum (2.8) is either at a = or a = wp for some F. This proves 

(0- 

Now, an F in the sum (2.8) contributes to the pole at a = X/S only if wf = X/5. 
Since the weights on T p X are pairwise linearly independent, that X/5 = X' /8' implies that 
A = A' and 5 = 5'. Since d = S\pq], a fixed point (C,f,x) contributing to the pole at 
a = X/5 must have the following form: that there is a branch Co = P 1 in C such that 
f\ Co '■ Co — ¥ PI is a 5-fold cover with f(x) = p. Let y G Co be the preimage of q under 
this covering. Then the curve C is a union of Co and a genus g curve C\ meeting Co at y, 
and /(Ci) = q. In other words, the fixed point component F contributing to the pole at 
a = X/5 is F 9 = M 9i \. It contributes to the sum (2.8) the term 

r i Fg /3 = r i* Fa u Ag(-a) 1 

J [Fg]V ir e T (F9/M gA (d,X)) ~ Jp 9 a(a-X/5 -c F9 )e T (F9/M gA (d,X)Y 

Here cfq G A 1 (F 9 ) is zero because the universal line bundle L g d restricted to F 9 is trivial 
(the line T X C is located at the marked point x). 

We now compute the virtual normal bundle N Fa / M 1 (d,x)- A point (C, /, x) in F 9 can 
be viewed as gluing two stable maps (Co, /o, x, y) G Mo^(d, X), (Ci, /i, x\) G M 9) i(0, X), 
by identifying x\ = y. Here fo : Cq — > pq is a 5-fold cover with fo(x) = p, fo(y) = q, and 
/i(Ci) = q. As before, we have 

N Fa/MgAd , x) = [H°(C, f*TX)] - [H\C, f*TX)\ + \T y C x ® T y C Q ] - A Co 
= ([H°(C JSTX)]- H\C JZTX)]- A Co ) 
- [H\C u ttTX)\ + [Tyd ® T y Co}. 

Note that the first three terms collected in the parentheses is the virtual normal bundle 
of F° in Mo t i(d, X). The Euler class of this is constant on F 9 , as given in eqn. (2.7). 
Since fx : Ci -> X maps to the point q, it follows that [^(CuftTX)] = H* ® T q X 
where 7i is the Hodge bundle on M gA . Clearly [T y d ® T y C ] =£&[=£], where £ is the 
universal line bundle on M g ,i : and [^] is a 1 dimensional representation of that given 
weight. Therefore, we get 

e T (F 9 /M gjl (d,X)) = e T (F°/M 0A (d,X)) (-^ + Cl (£)) e T (H* ® T q X)-\ 
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Hence the contribution of the sum (2.8) to the pole at a = X/8 is 

ip g f3 



ex 



iP/X) I [Fa]vi re T (F9/M gA (d,X)) 

6T[P/ ' a(a-\/5)e T (FyM ,i(d,X)) + <>i(C)) 

This proves (ii). □ 

Let V be a concave bundle on X, and br a choice of multiplicative class as before. 
Define the genus g > 0, degree d = S\pq], linking values at the balloon pq: 

Lk g := e T {p/X) / - t^-jtj v .. , P ■ = 



[F9]vir e T (F9/M gA (d,X)y " e G (F , D /M D ) 
Corollary 2.10. For g > 0, 

b T (H* ® V\ q ) A g (-a) e T (H* ® T q X) 



Lk n — 



= Lk x / 

Jm„,i 



9 u / - (-i+ci(£)) 



Proof: Restricting the bundle p*Vu on M gjl (d, X) to the component F 9 , we get 
i^p*^ = [H\CJ*V)] = [H^CqJSV)] © [H^CufiV)]. 

So, we have 

W*MVb) = t F op*b T (V ,o;d) b T (H* ® 

Again, the first factor is constant on F 3 . Note that F 9 consists of orbifold points of order 8. 
Thus the integral f^ Fg ^ vir can be written as $ ^. Now applying the preceding theorem 
with u = /9*6t(Vd) yields the desired result. □ 

In the special case &t = the linking values become 

IIAKi) n.A^-A,) A g (-a) 

where the ^ and Aj are the weights on the isotropic representations V\ q and T q X respec- 
tively. These integral are nothing but Hodge integrals on M g ,i- Their values have been 
fully determined in [4]. 
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Lk q = Lko x 



/. 

J M 



Fix a concave bundle V and multiplicative class fry. Consider the associated Euler 
series A(t) = e - H - t / a J^Ad v g e d ' f with coefficients 



A D = e* 



p*b T (V D )nLT g!l (d,X) 
e G (F , D /M D ) 



By Lemma 2.1, we see that 

deg a A D < -2 + 51. 



Theorem 2.11. Consider the gluing sequence bo = A g (a) and suppose that ci(X) > 0. 
T/ien for a given g, the Ad can be reconstructed from the linking values Lk g and from 
finitely many degrees d. 

Proof: Recall that the homology class LT 9j i(d, X) has dimension s = exp.dim M g> i(d, X) = 
(1-0) (dim X -3) + (c 1 (X),d) + l. Let c = ci(L D ). Thenc k nLT gA (d,X) is of dimension 
s — k, and so e*(c h fl LT 5jl (d, X)) lies in the group A^_ k (X). But this group is zero unless 
s — k < dim X. The last condition means that 

-k + 2g < -(d(X), d) + g(dim X - 1) + 2. 

For given g, the right hand side is negative for all but finitely many d. Suppose that Ad 
are known for those finitely many d. Now 

A D = J2 «" fc " 2 e* (A(«)A(-a)c fc n LT gA (d, X)) = Y,(-^ 9 ^~ k ~ 2+29 e,(c k nLT gA (d, X)). 

k>0 k>0 

So each of the unknown Ad has order a~ 2+p . where p < 0. By Theorem 4.3 [14], these 
Ad can be reconstructed from the linking values. □ 

The same argument shows that if is a given gluing sequence with the property 
that for a given g, the number 

-(ci(X),d) + g(dim X - 2) + 2 + deg b D 

is negative for all but finitely many d, then the theorem above holds for this gluing sequence. 
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2.3. The collapsing lemma 

Let X = P 1 x P n and let pi,P2 be the first and the second projection of P 1 x P n . 
We let M g (d,X) be the moduli space (stack) of stable morphisms from genus g curves to 
X of bi-degree (l,d). The case g = was treated in [12]. Here we will prove a similar 
lemma in case g > 1. Note that there are no degree 1 maps from positive genus smooth 
curves to P 1 . Thus the domain of any stable morphism f:C — > X in M g (d, X) must have 
a distinguished irreducible component Co = P 1 with 

iWk^o^P 1 

and all other components mapping to points viapio/. Let do be the degree of piof\c - Use 
the collapsing map M (d 0l X) — > iV do , which depend on a choice of basis of if°(Cp™(l)), 
we obtain (n + 1) sections 

[^•••,^]G^°(Opi(rf ))® (n+1) /C x . 

Let Ci, • • • , Ck be other irreducible components of C and let Z{ G P 1 be f(Ci) and <ii be 
the degree of f*P20pn(l) over Ci. Note <i = Xli=o^- Then using imbedding of sheaves 

k 

Opi(cZo) ^ Opi^dizO = Opi(d) 

i=0 

we obtain (n + l)-tuple of sections 

[^o,---,^]G^ O (0P«(l))® (n+1) /C x , 
which will be a point in iV d . This defines a correspondence 

V$:M 9 (d,X)^iV d . 

Lemma 2.12. T/ie correspondence (p is induced by a morphism <p : M g (d,X) — > A^^. 
Moreover <p is equivariant with respect to the induced action of C x x T. 

Proof: The following proof is given by J. Li. Let S be the category of all schemes of finite 
type (over C) and let T : S — >■ (Set) be the the contra-variant functor associating to each 
S G S the set of families of stable morphisms 

F : X — > P 1 x P n x S 
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over S of bi-degree (1, d) of arithmetic genus g, modulo the obvious equivalence relation. 
Note that T is represented by the moduli stack M g (d,X). Hence to define ip it suffices to 
define a transformation 

* :T — ► Mor(-,JV d ). 

We now define such a transformation. Let S G S and let £ G J-'(S) be represented by 
(X,F). We let pi be the composite of F with the i-th projection of P 1 x P n x S and 
let be the composite of F with the projection from P 1 x P n x S to the product of its 
i-th and j-th components. We consider the locally free sheaves p 2 Opn[k), k = or 1, of 
C^-modules and its direct image complex 

Cz(k) = R'p 13 *p* 2 P ~(k). 

We claim that C^(k), which is a complex of Opi x s-modules, is quasi-isomorphic to a 
perfect complex. Since this is a local problem, we can assume S is affine. We pick a 
sufficiently relative-ample line bundle H on X/S so that p 2 Op n {—k) is a quotient sheaf of 

Vi =plp3*{0{H)®p* 2 0p n {-k))®0{-H). 

Let V2 be the kernel of Vi — > £>2^p™( — (Here Vi are implicitly depending on fc.) Since 
is sufficiently ample, both Vi and V2 are locally free. Hence we have a short exact 
sequence of locally free sheaves of (^-modules 

— ► p* 2 O pn (k) — ► Vi v — ► V 2 V — ► 0. 

We then apply R'piz* to this exact sequence, 

— > Pi2,*p* 2 Op n (k) — > pw*Vi — > pi3*V 2 — > R 1 pi3*p 2 O pn (k) — > 0. 

Here all other terms vanish because H is sufficiently ample and fibers of P13 have dimension 
at most one. As argued in [12] both pi 3 * V/ and pi3*V 2 are flat over S. Because P 1 x S — > S 
is smooth, 

Pl3*V? ^Pi 3 *V 2 v , (2.9) 

and hence C^(k), is quasi-isomorphic to a perfect complex. 

The complex C^(k) satisfies the following base change property: let p : T — > S be 
any base change and let G !F(T) be the pull back of £. Then there is a canonical 

isomorphism of complex of sheaves of Or-modules 
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Since C^(k) is quasi-isomorphic to a perfect complex, we can define the determinant 
line bundle 4 of C$(k), denoted by det C^(k). It is an invertible sheaf of C P i x s-modules. 
Using the Riemann-Roch theorem, one computes that the degree of det(£^(/c)) along 
fibers of P 1 x S — > S are kd — g. Further, because C^(k) has rank one, there is a canonical 
homomorphism 

Cs(k) — >det£ c (fc) 

defined away from the support of the torsions subsheaves of pi3*P2^P™ (&) and R 1 p\z*p2^'P n (k). 
Now let w be any element in i7°(P n , Opn(l)). Its pull back provides a canonical mero- 
morphic section 

<T£, W G H° (P 1 x S,M(det£ € (l))) . 

For similar reason, the section 1 G H (Opn) provides a canonical meromorphic section 8 
of det£^(0). Combined, they provide a canonical meromorphic section 

Vt,w = ■ S ~ X e #° (P 1 x 5, M(det £ € (1) <g> det £ € (0) -1 )) . 

We now show that extends to a regular section. Let s G S be any closed point. We 
first assume that there are no irreducible components of X s that are mapped entirely to 
P 1 x iy _1 (0) C P 1 x P n under F s . Here F s : X s — > P 1 x P n is the restriction of F to the 
fiber over t G S. By shrinking £ if necessary, we can assume all F t : X t — > P 1 x P n , t & S, 
have this property. Then the section u; induces a short exact sequence 

— > O x — ► paOp™(l) — ► ft — > 

and a long exact sequence 

— > R*pi3*Ox — > i2 # Pl3*P20p»(l) — ^ #*Pl3*ft — ► R' +1 P13*0 X — > . 

By our assumption on iu, R l pi^TZ = 0. Next, we let £i — > £ 2 (resp. ^ — > JF 2 ) be the 
complex (2.9) associated to = 1 (resp. k = 0). Clearly, we have canonical commutative 
diagram 

— > pi 3 *0* — > Ti — > ^2 — > flWO* — > 

— > Pl3*P2^P"(l) — > ^ — > ^2 — > i?Vl3*P2^P"(l) — > 
4 All materials concerning determinant line bundle are taken from [9]. 
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of short exact sequences. Let 



/Ci : JFi ► E x © T 2 ► £ 2 

be the induced complex. Note the last arrow is surjective. Let A\ be T\ and A 2 be the 
kernel of the last arrow of the above complex. Hence /Ci is quasi-isomorphic to the complex 

K.2 ■ .Ai — > A 2 . (2.10) 

Note that both A\ and A 2 are O^-flat. Hence we can define the determinant line bundle 
det/C2- We then have canonical isomorphisms 

det/C 2 = det/Ci = det £ c (l) _1 ® det £ ? (0). (2.11) 

Now let t e S be any closed point, t G S. It is clear that the restriction of (2.10) to 
general points of is an isomorphism. Hence det K, 2 X has a canonical section over P 1 x S 
[5]. It is direct to check that under the isomorphism (2.11) this section is the extension 
of ?7£,k;. Since P 1 x S — > S is proper, such extension is unique. 

It remains to show that rj^ jW can be extended even the assumption on w _1 (0) does not 
hold. Note that in this case, we can find two sections w\ and w 2 in H°(Opn(l)) so that 
w = wi + w 2 and that both wi and w 2 satisfies the condition about ty^~ 1 (0) and ty^" 1 (0). 
Here we might need to shrink 5 if necessary. Then rj^ ;Wl and rj^ tW2 both can be extended 
to regular sections in 

H° (P 1 x S,det£ c (l) ©det/^O)- 1 ) . 

Further, over the open subset Z C P 1 x S where all R l pi3*p 2 Op™ (k), i,k = 0, 1, are torsion 
free, we obviously have 

Since Z n P 1 x {t} ^ for all t e S, the right hand side of the above identity provides 
an extension of rj£ :W . This proves that for any w E H°(Opn(l)) the meromorphic sections 
r]£ jW extends to a regular section 

r)l x w e H° (P 1 x S, det £ € (1) ® det A(°) _1 ) • 
Again since P 1 x S — > 5 is smooth and proper, the extension is unique. 
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Now we define the morphism S — > N d . Let {w , ■ ■ ■ , w n } be a basis of H°(Opn (1)). 
Then we obtain (n + 1) canonical regular sections 

C-o> • • • . C»- e ^° ( pl x $ det C dl) ® det A(O)" 1 ) • 
Hence, after fixing an isomorphism 

det£ € (l) ^detr^O)- 1 = tt^M <g> 7r Pl £> P i (d) 

for some invertible sheaf M. of C^-modules, we obtain (n + 1) canonical sections of 

#°(e>pi(d))®cM 

which defines a morphism 

s^tf (e>p«(i))®( n+1) /c*. 

Since the image is always away from 0, it defines a morphism 

S^N d . 

It is routine to check that this construction satisfies the base change property, and hence 
defines a morphism M g (d, X) — > Nd, as desired. 

To check that this morphism gives rise to the correspondence mentioned before, it 
suffices to check the case where S is a closed point. In this case one sees immediately that 
the complex C^(l) — £^(0) has locally free part isomorphic to Opi(do) — Opi, and has 
torsion part supported at Zi of length di. Further, a direct check shows that the sections 
a^ Wl are a non-zero constant multiple of the sections fa mentioned in the definition of 
the correspondence. This shows that the morphism defines the correspondence constructed. 
The equivariant property of this morphism again follows from the base change property of 
this construction. This completes the proof of the Collapsing Lemma. □ 
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